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Abstract
Let OCRN be a bounded domain such that 0AO; NX7; 2 ¼ 2N
N2: We obtain existence of
sign-changing solutions for the Dirichlet problem Du ¼ mujxj2 þ juj
22
u þ lu on O; u ¼ 0 on @O
for suitable positive numbers m and l:
r 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction and main result
Let O be a bounded domain in RN such that 0AO; NX3; 2 ¼ 2N
N2; lAR; mAR:
In recent years, much attention has been paid to the existence of nontrivial
solutions to the following problem:
Du ¼ mujxj2 þ juj
22
u þ lu; xAO;
u ¼ 0; xA@O;
8<
: ð1Þ
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where 0pmo %m ¼ ðN22 Þ2; lAR: Let l1ðmÞ be the ﬁrst eigenvalue of the operator
L½	
  ðD mjxj2Þ	 in H10 ðOÞ:
Let
J2

l;m;OðuÞ ¼
1
2
Z
O
jruj2  mu
2
jxj2  lu
2
 !
 1
2
Z
O
juj2 ; 8uAH10 ðOÞ: ð2Þ
Due to the invariance of H10 -norm, L
2 -norm and
R
O
mu2
jxj2 with respect to rescaling
u/ur ¼ r
N2
2 uðrð	ÞÞ and the existence of nontrivial entire solution of the limiting
problem (see [4,8,7,9])
Du ¼ mujxj2 þ juj
22
u; xARN ;
u-0; jxj-N;
8<
: ð3Þ
J2

l;m;O fails to satisfy the classical Palais–Smale (P.S. in short) condition in H
1
0 ðOÞ:
However a local (P.S.) condition can be established. Indeed, let jujpp ¼
R
O jujp for
pAð1;NÞ and
Sm :¼ inf
Z
RN
jruj2  mu
2
jxj2
 !
juAH10 ðRNÞ; juj2 ¼ 1
( )
: ð4Þ
Suppose fumgCH10 ðOÞ is a sequence such that J2

l;m;OðumÞpco 1NS
N
2
m ; DJ2

l;m;OðumÞ-0
strongly in H1ðOÞ ¼ ðH10 ðOÞÞ; then fumg contains a strongly convergent
subsequence. Using this local (P.S.) condition, Jannelli proved in [10] that problem
(1) has at least one positive solution u0AH10 ðOÞ if either (1) mAð0; %m 1Þ and
lAð0; l1ðmÞÞ or (2) mAð %m 1; %mÞ and lAðlðmÞ; l1ðmÞÞ hold, where lðmÞ is a positive
constant depending on m: Also, by this compactness analysis argument, Ferrero and
Gazzola [8] investigated the existence of solutions for a large range of l; Ghoussoub
and Yuan [9], Ekeland and Ghoussoub [7] studied a more general case. Recently, we
established a global compactness theorem for problem (1) by applying rescaling
arguments in [3].
Denote b ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ%m mp : Catrina and Wang [4], Terracini [13] prove that for e40 and
a suitable C40; functions
UeðxÞ ¼ Ce
N2
4
jxjN22 bðeþ jxj
4b
N2ÞN22
satisfy Eq. (3). From Theorem B in [6], we can deduce that all the solutions of
problem (3) must have the form of Ue (see [3]). Moreover, Ue achieve Sm:
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By Pohozaev’s identity (see [1]), (1) has no nontrivial solutions if lp0: It is easy to
verify that if lXl1ðmÞ; every solution of (1) must change sign, moreover, in [8], some
existence results of sign-changing solutions are given in this case. But for the case
lAð0; l1ðmÞÞ; we ﬁnd no results on the existence of sign-changing solutions except the
case m ¼ 0 in [5]. So it will be interesting to obtain this kind of solutions in this case.
In the present paper, we obtain the following existence of sign-changing solutions of
problem ð1Þ for lAð0; l1ðmÞÞ:
Theorem 1.1. Suppose NX7; mA½0; %m 4Þ and lAð0; l1ðmÞÞ; then there is at least a
pair of sign-changing solutions 7uðxÞ of (1) satisfyingZ
O
juj22uvðuÞ ¼ 0;
where vðuÞ is the first eigenfunction of the weighted eigenvalue problem
 Dþ mjxj2 þ l
 !
v ¼ gjuj22v on O; v ¼ 0 on @O:
In [12], by constructing a dual set, Tarantello obtained a pair of sign-changing
solutions for (1) with m ¼ 0: Similarly, in [9], Ghoussoub and Yuan dealt more general
equations with Hardy and Sobolev terms and got analogous results. In their papers,
either m ¼ 0 or the term jxj2 is replaced by jxjt with tAð0; 2Þ; the solutions with which
they constructed dual sets are regular, and they can easily get the desired estimates by
the LN-norm of these solutions. However, if ma0; the nontrivial solutions of ð1Þ are
singular, so the arguments used in [12,9] are no longer applicable. Our new observation
in this paper is that to get the desired estimate of c2;n deﬁned in Proposition 2.2, the
bound of Lp-norm for po 2N
N22b of the ground state positive solution, which can be
found in [11], is enough. Note that to ensure the needed Lp-norm for our discussions,
we require b42; which holds only if NX7: In this way, we do not need LN-norm of
the solutions, we hope that our observation will be helpful to other problems.
Let us point out that the cases N ¼ 3; 4; 5; 6 are more delicate. In fact, when O is
the unit ball, it has been proved in [2] that problem (1) has no radial sign-changing
solutions in the case N ¼ 4; 5; 6 and m ¼ 0 if l40 is small enough.
Our strategy is as follows: ﬁrstly, we establish the existence of a sequence of
approximating sign-changing solutions of (1) by obtaining sign-changing solutions of
the (subcritical) approximating problem of (1) and a compactness result, then we
apply the compactness result to show that the sequence has a subsequence converging
to a sign-changing solutions of (1). This idea is essentially introduced in [12,9].
2. Proof of the main result
In what follows, we will always assume mA½0; %mÞ and lAð0; l1ðmÞÞ: For simplicity,
we give some notations. Let jj 	 jj denote the norm in H10 ðOÞ: We will use the same C
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to denote various generic positive constants. For n40 small, deﬁne
JnðuÞ ¼ 1
2
Z
O
jruj2  mu
2
jxj2  lu
2
 !
 1
2  n
Z
O
juj2n; 8uAH10 ðOÞ: ð5Þ
Set
Ln ¼ fuAH10 ðOÞ: /DJnðuÞ; uS ¼ 0; uc0g;
it is easy to see that Jn is bounded below in Ln: Deﬁne
c1;n ¼ inf
uALn
JnðuÞ; ð6Þ
then for n40 small enough, one can ﬁnd a constant a040; such that the following
lower bound holds for nA½0; n
:
c1;nXa0: ð7Þ
Denote by u0ðu0Þ the positive (negative) solution of (1) found in [10], then as in
[10], c1;0 can be characterized by
c1;0 ¼ J0ðu0Þ ¼ J0ðu0Þ:
Remark 2.1. For the solution u0AH10 ðOÞ; by the result in [11], we deduce u0ALpðOÞ
for po 2N
N22b: This will be crucial to our discussion later.
Following the method introduced in [9,12], we manage to obtain the statement of
Theorem 1.1 in the ‘‘subcritical’’ case. To this purpose, we shall use the Ljusternik–
Schnirelman theory for even functionals (see [12] for example). Let ACH10 ðOÞ be a
closed bounded set which is Z2-symmetric (i.e., uAA ) uAA). As is well known,
the Krasnselski genus iðAÞ is well deﬁned for the set A: Fix r40 and let Sr ¼
fuAH10 ðOÞ: jjujj ¼ rg: Deﬁne
H ¼ fh : H10 ðOÞ-H10 ðOÞ odd; homeomorphismg
and set
F2 ¼ fA closed; Z2-symmetric: iðhðAÞ-SrÞX2; 8hAHg:
ARTICLE IN PRESS
D. Cao, S. Peng / J. Differential Equations 193 (2003) 424–434 427
We have
Proposition 2.2. There is a n40 such that for every nAð0; nÞ the Dirichlet problem
Du ¼ mujxj2 þ juj
22n
u þ lu; xAO;
u ¼ 0; xA@O
8<
:
has a nontrivial solution un satisfyingZ
O
junj2
2n
unvðunÞ ¼ 0;
where vðunÞ is the first eigenfunction of the weighted eigenvalue problem
 Dþ mjxj2 þ l
 !
v ¼ gjunj2
2n
v on O; v ¼ 0 on @O:
Moreover,
c2;n :¼ inf
AAF2
sup
wAA
JnðwÞ ¼ JnðunÞ:
Proof. The proof is similar to that of Proposition 1.1 in [12] and we omit it here.
Now to proceed, we need some estimates related to Ue:
Let
jðxÞADðOÞ ¼ fjACN0 ðOÞ: j  1 in a neighbourhood of x ¼ 0g:
We will use AeBBe to mean that there exist C1; C240 independent of e40 such that
C1AepBepC2Ae: Setting veðxÞ ¼ jðxÞUeðxÞ; we have
Lemma 2.3. For e40 small,
Z
O
jvejqB
Ce
N2
4b N
ðN2Þq
2
 
;
2N
N  2þ 2boqo2
;
Ce
ðN2Þq
4 jln ej; q ¼ 2N
N  2þ 2b;
Ce
ðN2Þq
4 ; 1oqo 2N
N  2þ 2b:
8>>>>><
>>>>>:
Proof. By the deﬁnition of j; there exist a r40 and an R4r such thatZ
Brð0Þ
jUejqp
Z
O
jvejqp
Z
BRð0Þ
jUejq:
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By direct calculation, we can deduce for some C40;
Z
Brð0Þ
jUejqB
Ce
N2
4b N
ðN2Þq
2
 
;
2N
N  2þ 2boqo2
;
Ce
ðN2Þq
4 jln ej; q ¼ 2N
N  2þ 2b;
Ce
ðN2Þq
4 ; 1oqo 2N
N  2þ 2b:
8>>>>><
>>>>:
ð8Þ
Combining the above equations, we can complete the proof of the lemma. &
Lemma 2.4. For e40 small,
sup
tAR
J0ðtveÞp 1
N
S
N
2
m þ Oðe
N
2 Þ 
Ce
N2
2b ; b41;
Ce
N2
2 jln ej; b ¼ 1;
Ce
N2
2 ; bo1:
8>><
>>>:
Proof. For any vAH1ðOÞ and jADðOÞ; we have
Z
O
jvL½jv
 
Z
O
j2vL½v
 ¼
Z
O
jrjj2v2:
Setting v ¼ Ue; we have
Z
O
jUeL½jUe
 ¼
Z
O
j2U2

e þ
Z
O
jrjj2U2e :
So,
J0ðtveÞ ¼ 1
2
Z
O
ðjtrvej2  mðtveÞ
2
jxj2  lðtveÞ
2Þ  1
2
Z
O
jtvej2

¼ t
2
2
Z
O
veL½ve
  lt
2
2
Z
O
v2e 
jtj2
2
Z
O
jvej2

¼ t
2
2
Z
O
j2U2

e þ jrjj2U2e 
lt2
2
Z
O
jjUej2  jtj
2
2
Z
O
jjUej2

¼ t
2
2
 jtj
2
2
 !Z
RN
U2

e þ
t2
2
Z
O
ðjrjj2  lj2ÞU2e þ I1 þ I2;
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where
I1 ¼ 
Z
Oc
U2

e þ
Z
O
ðj2  1ÞU2e ; I2 ¼ 
Z
Oc
U2

e þ
Z
O
ðj2  1ÞU2e
and Oc stands for the complement of O: By direct computation, I1; I2 ¼ Oðe
N
2 Þ:
Choosing q ¼ 2 in (8), by the deﬁnition of j; we deduce that for some C40
Z
O
ðjrjj2  lj2ÞU2eB
Ce
N2
2b ; b41;
Ce
N2
2 jln ej; b ¼ 1;
Ce
N2
2 ; bo1:
8>><
>>>:
ð9Þ
So by the fact that
R
RN
U2

e ¼ S
N
2
m ; we obtain
sup
tAR
J0ðtveÞ ¼ sup
tA½0;2

J0ðtveÞpsup t
2
2
 jtj
2
2
 !Z
RN
U2

e þ Oðe
N
2 Þ

Ce
N2
2b ; b41;
Ce
N2
2 jln ej; b ¼ 1;
Ce
N2
2 ; bo1;
8>>><
>>:
¼ 1
N
S
N
2
m þ Oðe
N
2 Þ 
Ce
N2
2b ; b41;
Ce
N2
2 jln ej; b ¼ 1;
Ce
N2
2 ; bo1;
8>>><
>>:
which completes the proof. &
Lemma 2.5. For rA 2NðNþ2ÞðNþ2þ2bÞðN2Þ; 2

 
; e40 small
Z
O
veu
21
0 pCe
N2
4 ;
Z
O
u0v
21
e pCe
N2
4b ð
N
r
N2
2
Þð21Þ
:
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Proof. By Ho¨lder’s inequality,
Z
O
u2
1
0 vep
Z
O
ur0
 21
r
Z
O
v
r
rð21Þ
e
 rð21Þ
r
:
If we choose 2
ðNþ2Þ
Nþ22boro
2ðN2Þ
N22b and set t ¼ rrð21Þ; then 2NðN2ÞðN2Þ2þ2bðNþ2Þoto 2NN2þ2b:
By Remark 2.1 and Lemma 2.3, we deduceZ
O
veu
21
0 pCe
N2
4 :
Similarly,
Z
O
v2
1
e u0p
Z
O
vre
 21
r
Z
O
u
r
rð21Þ
0
 rð21Þ
r
:
Choosing 2NðNþ2ÞðNþ2þ2bÞðN2Þoro2; we obtain
2o r
r  ð2  1Þo
2N
N  2 2b:
For 2NðNþ2ÞðNþ2þ2bÞðN2Þ4
2N
N2þ2b; by Lemma 2.3 and Remark 2.1,Z
O
u0v
21
e pCe
N2
4b
N
r
N2
2
 
ð21Þ
:
Proposition 2.6. Under the conditions of Theorem 1.1, there exist s40 and n040 such
that
c2;npc1;0 þ 1
N
S
N
2
m  s; 8nAð0; n0Þ:
Proof. Let u0 and ve be deﬁned as before, set Ae ¼ spanfu0; veg: Clearly AeAF2; so
c2;npsupwAAe JnðwÞ ¼ sups;tAR Jnðsu0 þ tveÞ: By calculation, we see
Jnðsu0 þ tveÞ ¼ Jnðsu0Þ þ JnðtveÞ þ jsj
2n
2  n
Z
O
u2
n
0 þ
jtj2n
2  n
Z
O
v2
n
e
 1
2  n
Z
O
jsu0 þ tvej2
n þ st
Z
O
u2
1
0 ve:
From the estimates in Lemmas 2.3–2.5, for e sufﬁciently small, lims;t-NJnðsu0 þ
tveÞ ¼ N; so we assume that s and t are in a bounded set. Hence combining
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Lemmas 2.4 (in case b41), 2.5 and the following inequality (see [9] for example):
ja þ bjqXjajq þ jbjq  Cðjajq1b þ ajbjq1Þð1pqp3; C ¼ CðqÞÞ;
we have
Jnðsu0 þ tveÞp Jnðsu0Þ þ JnðtveÞ þ C
Z
O
u2
1n
0 ve þ C
Z
O
u0v
21n
e þ st
Z
O
u2
1
0 ve
p J0ðsu0Þ þ J0ðtveÞ þ II1 þ II2 þ
Z
O
u2
1
0 ve þ
Z
O
u0v
21
e
p c1;0 þ 1
N
S
N
2
m þ Ce
N
2  Ce
N2
2b þ CeN24 þ Ce
N2
4b
N
r
N2
2
 
ð21Þ
þ II1 þ II2;
where
II1 ¼ 1
2
Z
O
jtvej2
  1
2  n
Z
O
jtvej2
n;
II2 ¼ C
Z
O
u2
1n
0 ve þ
Z
O
u0v
21n
e 
Z
O
u2
1
0 ve 
Z
O
u0v
21
e
 
:
Choose e small enough, b42 and 2NðNþ2ÞðNþ2þ2bÞðN2Þoro
2NðNþ2Þ
ðNþ6ÞðN2Þ we deduce that
Ce
N2
2b þ CeN2 þ CeN24 þ Ce
N2
4b ð
N
r
N2
2
Þð21Þp 2s
for some constant s40: Now choose n0 small enough so that
II1 þ II2ps for 0onon0;
which completes the proof of the proposition. &
Before completing the proof of Theorem 1.1, we give a compactness result which
can be deduced directly from the global compactness theorem in [3]:
Lemma 2.7. Suppose NX3; mA½0; %mÞ; lAð0; l1ðmÞÞ: Then any sing-changing sequence
fumgCH10 ðOÞ satisfying as m-N
J0ðumÞ-c; DJ0ðumÞ-0
is strongly relatively compact in H10 ðOÞ provided that coc1;0 þ 1NS
N
2
m :
Proof of Theorem 1.1. From the fact that c1;n-c1;0 as n-0 (similar to that in [12])
and Proposition 2.6, we see that c2;n is bounded uniformly in n: Let un be obtained as
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in Proposition 2.2. Then for a suitable K40;
jjunjjpK ; 8nAð0; n0Þ: ð10Þ
Deﬁne j7 ¼ maxf7j; 0g for jAH10 ðOÞ; then j7AH10 ðOÞ: By (10) we can ﬁnd
nn-0 as n-þN; uAH10 ðOÞ such that
u7n -u
7 weakly in H10 ðOÞ as n-þN:
We claim that uþ; uc0: From u7nnALnn ; we have
Jnnðu7nn ÞXc1;nn : ð11Þ
From Proposition 2.6 we also see that for n large,
JnnðuþnnÞ þ JnnðunnÞ ¼ JnnðunnÞ ¼ c2;nnpc1;nn þ
1
N
S
N
2
m  s: ð12Þ
Hence for n large,
Jnnðu7nn Þp
1
N
S
N
2
m  s: ð13Þ
From (10) and the fact that u7nnALnn ; we derive
K1pju7nn j2pK2 ð14Þ
with suitable positive constants K1 and K2:
Arguing by contradiction, assume, for example, that uþ  0; from (13) and the
fact uþnnALnn ; we obtain
1
2
Z
O
jruþnn j
2  mju
þ
nn j2
jxj2
 !
 1
2  nn
Z
O
juþnn j
2nnp 1
N
S
N
2
m  sþ oð1Þ ð15Þ
and
Z
O
jruþnn j
2  mju
þ
nn j2
jxj2
 !

Z
O
juþnn j
2nn ¼ oð1Þ: ð16Þ
Hence
Sm
Z
O
juþnn j2

  2
2
p
Z
O
jruþnn j2 
mjuþnn j2
jxj2
 !
¼
Z
O
juþnn j2
nn þ oð1Þ
p
Z
O
juþnn j
2nn
 2nn2
2 jOj
nn
2
Z
O
juþnn j
2
  2
2þoð1Þ:
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So, by (14), we derive Z
O
juþnn j2
nnXS
N
2
m þ oð1Þ;
which contradicts (15) and (16). Similarly, we can also show uc0:
Therefore u changes sign in O; uc0 and unn-u weakly in H
1
0 ðOÞ: Consequently,
/DJ0ðuÞ;oS ¼ 0; 8oAH10 ðOÞ; that is, u is a weak sign-changing solution for
problem (1). In fact, a subsequence of unn converges strongly to u in H
1
0 ðOÞ: To see
this, notice c2;n-c2;0 (similar to that in [9]), it is easy to verify that funng is actually a
Palais-Smale sequence for J0 at level c2;0: So by the fact that limn-N c1;nn ¼ c1:0 and
Lemma 2.7, a subsequence of funng converges to u strongly in H10 ðOÞ: By the
continuity of vðuÞ on u (see [12]), we can complete the proof of the theorem. &
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